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Locally convex quasi C*-normed algebras 

F. Bagarello, M. Fragoulopoulou, A. Inoue and C. Trapani 



Abstract 



. If ^o[|| ■ llo] is a- C*-normed algebra and r a locally convex topology on Aq 

making its multiplication separately continuous, then ■4o[t] (completion of ^qM) 
is a locally convex quasi *-algebra over Ao, but it is not necessarily a locally convex 
quasi *-algebra over the C*-algebra „4o[|| • ||o] (completion of Ao[\\ ■ \\o]). In this 
article, stimulated by physical examples, we introduce the notion of a locally convex 
quasi C*-normed algebra, aiming at the investigation of ^oM; in particular, we 
study its structure, ^-representation theory and functional calculus. 



if^- 1. Introduction 



In the present paper we continue the study introduced in [7] and carried over in [13] 
and p]. At this stage, it concerns the investigation of the structure of the completion of 
O , a C*-normed algebra -4.o[|| • ||o], under a locally convex topology r "compatible" to || ■ ||o, 

that makes the multiplication of separately continuous. The case when ^o[|| " ||o] is 
a C*-algebra and r makes the multiplication jointly continuous was considered in [71 
^ ■ [13], while the analogue case corresponding to separately continuous multiplication was 

discussed in [8], where the so-called locally convex quasi C* -algebras were introduced. In 
this work, prompted by examples that one meets in physics, we introduce the notion of 
locally convex quasi C* -normed algebras, which is wider than that of locally convex quasi 
C*-algebras, starting with a C*-normed algebra Ao[\\ ■ ||o] and a locally convex topology 
r, "compatible" to || • ||o, making the multiplication of separately continuous. For 
example, let A^o be a C*-normed algebra of operators on a Hilbert space H, endowed 
with the operator norm || ■ ||o, V a dense subspace of 7i such that J^qV C V and Tg* the 
strong*-topology on Mq defined by V. Then, the C*-algebra Mo[\\ ■ ||o] does not leave 
V invariant, in general, and so the multiplication ax of a G A1o[''"s*] and x G Mo[\\ - Ho] is 
not necessarily well-defined, therefore A^o[''"s*] is not a locally convex quasi C*-algebra 
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over the C*-algebra A^o[|| ' llo]- Hence, it is meaningful to study not only locally convex 
quasi C*-algebras, but also locally convex quasi C*-normed algebras. 

For locally convex quasi "C*-normed algebras" we obtain analogous results to those 
in [8] for locally convex quasi "C*-algebras" despite of the lack of completion and of 
weakening the condition (T3) of [8]. 

In Section 3 we consider a C*-algebra ^o[|| ' ||o] with a "regular" locally convex 
topology T and show that every unital pseudo-complete symmetric locally convex *- 
algebra A[t] such that ^o[|| ■ ||o] C A[t] C Ao[t] is a Gi?*-algebra over the unit ball 
U{Ao) of Ao[\\ ■ llo]- The latter algebras have been defined by G.R. Allan [2] and P.G. 
Dixon [12] and play an essential role in the unbounded ^-representation theory. In 
Section 4 we define the notion of locally convex quasi C*-normed algebras and study 
their general theory, while in Section 5 we investigate the structure of commutative 
locally convex quasi C*-normed algebras. In the final Section 6 we present locally 
convex quasi C*-normed algebras of operators and then we study questions on the 
*-representation theory of locally convex quasi C*-normed algebras and functional cal- 
culus for the "commutatively quasi-positive" elements of ^0 [''"]• 

Topological quasi *-algebras were introduced in 1981 by G. Lassner [151 US]) for 
facing solutions of certain problems in quantum statistics and quantum dynamics. But 
only later (see \n\ p. 90]) the initial definition was reformulated in the right way, having 
thus included many more interesting examples. Quasi *-algebras came in light in 1988 
(see [H], as well as [20l |9l HQ]), serving as important examples of partial *-algebras 
initiated by J. -P. Antoine and W. Karwowski in |H[5]. A lot of works have been done 
on this topic, which can be found in the treatise [3], where the reader will also find a 
relevant rich literature. Partial *-algebras and quasi *-algebras keep a very prominent 
place in the study of unbounded operators, where the latter are the foundation stones 
for mathematical physics and quantum field theory (see, for instance, [3l [TH [6l [20]). 

Our motivation for such studies comes, on the one hand, from the preceding dis- 
cussion and the promising contribution of the powerful tool that the C*-property offers 
to such studies and, on the other hand, from the physical examples of locally convex 
quasi C*-normed algebras in "dynamics of the BCS-Bogolubov model" [16] that will 
be shortly discussed in Section 7. 

2. Preliminaries 

Throughout the whole paper we consider complex algebras and we suppose that all 
topological spaces are Hausdorff. If an algebra A has an identity element, this will be 
denoted by 1 , and an algebra A with identity 1 will be called unital. 

Let ^o[|| ■ llo] be a C*-normed algebra. The symbol || • ||o of the C*-norm will also 
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denote the corresponding topology. Let r be a topology on Aq such that Ao[t] is a 
locally convex *-algebra. The topologies r, || • ||o on Aq are called compatible, whenever 
for any Cauchy net {xa} in Ao[\\ • |[o] such that — )• in r, — > in || • ||o [8]. The 
completion of Aq with respect to r will be denoted by [''"]• In the sequel, we shall 
call a directed family of seminorms that defines a locally convex topology r, a defining 
family of seminorms. 

A partial *-algehra is a vector space A equipped with a vector space involution 
* : A ^ A: X ^ X* and a partial multiplication defined on a set T C ^ x ^ such that: 

(i) {x,y) G r implies G T; 

(ii) (x, yi), (x, 2/2) G r and X, n £ C imply (x, Ayi + ny2) G T; 

(iii) for every (x, ?/) G T, a product xy G ^ is defined, such that xy depends linearly 
on X and y and satisfies the equality (xy)* = y*x*. 

Given a pair (x, y) G T, we say that x is a left multiplier of y and y is a right 
multiplier of x, 

Quasi *-algebras are essential examples of partial *-algebras. If ^ is a vector space 
and ^0 a subspace of A, which is also a *-algebra, then A is said to be a quasi *-algebra 
over Aq whenever: 

(i) ' The multiplication of Aq is extended on A as follows: The correspondences 
A X Aq ^ ^ : (a, x) I— 7> ax (left multiplication of x by a) and 

Aq X A ^ A : {x,a) xa (right multiplication of x by a) 
are always defined and are bilinear; 

(ii) ' xi(x2a) = (xiX2)a, (axi)x2 = a(xiX2) and xi(ax2) = (xia)x2, for all xi,X2 G 
^0 and a G A; 

(iii) ' the involution * of ^0 is extended on A, denoted also by *, such that (ax)* = 
x*a* and (xa)* = a*x*, for all x G ^0 and a G ^. 

For further information cf . [3] . If Aq [t] is a locally convex *-algebra, with separately 
continuous multiplication, its completion Ao[t] is a quasi *-algebra over Aq with respect 
to the operations: 

• ax := limXaX (left multiplication) , x G Aq, a G ^o[''"]5 

a 

• xa := limxxo (right multiplication) , x G ^0, a G ^oM, 
where {xa}a£T: is a net in ^0 such that a = r-limx^. 

a 

• An involution on ^o[''"] like in (iii)' is the continuous extension of the involution 

on 

A *-invariant subspace A of ^o[''"] containing Aq is called a quasi *-subalgebra of 
Ao[t] if ax, xa belong to A for any x G Aq, a £ A. One easily shows that A is a, quasi 
*-algebra over ^o- Moreover, A[t] is a locally convex space that contains ^0 as a dense 
subspace and for every fixed x G ^0, the maps A[t] — )■ A[t] with a 1-^ ax and a 1-^ xa 
are continuous. An algebra of this kind is called locally convex quasi *-algebra over Aq. 
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We denote by C'^(T>, H) the set of all (closable) linear operators X such that D{X) = 
T), D{X*) 5 V. The set C^{'D,'H) is a partial *-algebra with respect to the following 
operations: the usual sum Xi + X2, the scalar multiplication XX, the involution X 1— t- 
X'^ = X*\'D and the (weak) partial multiplication XinX2 = Xi^*X2, defined whenever 
X2 is a weak right multipher of Xi (we shall write X2 G R"{Xi) or Xi G L""{X2)), 
that is, iff X2V C D{Xi^*) and Xi*V C D{X2*). £^V,n) is neither associative nor 
semiasso ciat ive . 

Definition 2.1. Let P be a dense subspace of a Hilbert space H. A * -representation 
TT of A[t] is a linear map from A into C\V,n) ( see beginning of Section 4) with the 
following properties: 

(i) TT is a *-representation of Aq; 

(ii) 7r(a)"l' = 7r(a*), Va G A; 

(iii) 7r(aa;) = 7r(a)n7r(x) and 7r(xa) = 7r(x)n7r(a), Va G A and x G .Aq, where □ is the 
(weak) partial multiplication of C^V, %) (ibid.) Having a *-representation vr as before, 
we write 2?(vr) in the place of V and T-L-,^ in the place of %. By a [t^Ts*)- continuous 
* -representation vr of ^[t], we clearly mean continuity of vr, when L^(I'(vr), ?^,r) carries 
the locally convex topology r^* (see Section 4). 

In what follows, we shall need the concept of a G-B*-algebra introduced by G.R. 
Allan [5] (see also [E]), which we remind here. Let A[t\ be a locally convex *-algebra 
with identity 1 and let B* denote the collection of all closed, bounded, absolutely convex 
subsets B of A[t\ with the properties: 1 e B, B* = B and B"^ C B. For each B e B*, 
the linear span A[B] of S is a normed *-algebra under the Minkowski functional || • ||_b of 
B. When A[B] is complete for each B G B*, then A[t] is called pseudo-complete. Every 
unital sequentially complete locally convex *-algebra is pseudo-complete [H Proposition 
(2.6)]. A unital locally convex *-algebra A[t] is called symmetric (resp. algebraically 
symmetric) if for every x £ A the element 1 + x*x has an Allan-bounded inverse in A 
[21 pp. 91,93] (resp. if {l-\-x*x) has inverse in A). A unital symmetric pseudo-complete 
locally convex *-algebra A[t], such that B* has a greatest member, say Bq, is said to 
be a GB* -algebra over Bq. In this case, j4[i?o] is a C*-algebra. 

3. C*-normed algebras with regular locally convex topol- 
ogy 

Let Ao[\\ ■ IIq] be a C*-normed algebra and Ao[\\ ■ ||q] the C*-algebra completion of 
•^oiW ' Wol- Consider a locally convex topology r on ^0 with the following properties: 
(Ti) Ao[t] is a locally convex *-algebra with separately continuous multiplication. 
(T2) 7" ^ II ■ IIq) with T and || • ||q being compatible. 
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Then, compatibility of r, || • ||q implies that: 

• A[|| • llo] ^ A)[ll • llo] ^ AM; 

• ^o[''"] is a locally convex quasi *-algebra over the C*-normed algebra ^o[|| ■ IIq]) 
but it is not necessarily a locally convex quasi *-algebra over the C*-algebra 
A [II ' IIq]' since ^o[|| ■ IIq] is not a locally convex *-algebra under the topology r. 

Question. Under which conditions one could have a well-defined multiplication of 
elements in Ao[t] with elements in ^o[|| ■ IIq]'^ 

We consider the case that the locally convex topology r defined by a directed family 
of seminorms, say (pa)agAi satisfies in addition to the conditions (Ti) and (T2) an extra 
"good" condition for the C*-norm || • |[q, called regularity condition, denoted by (R). 
That is, 

(R) V A e yl, 3 y e yl and 7A > : px{xy) S l\MoPx'{y), V x,y G Ao[\\ ■ |y. 
In this regard, we have the following 

Lemma 3.1. Suppose Ao[\\ ■ \\q] is a C*-normed algebra and r a locally convex 
topology on Aq satisfying the conditions (Ti), (T2) and the regularity condition (R) for 
II • IIq. Let a he an arbitrary element in ^ol''"] ^^^^ U on arbitrary element in Aq[\\ ■ ||q]. 
Then, the left resp. right multiplication of a with y is defined by 

a • y = T - lim Xayn resp. y ■ a = t - Urn ynXa, 

a,n a,n 

where {xa}^^^: "is a net in ^ol''"] converging to a, {ynjnsN is a sequence in Ao[\\ • ||q] 
converging to y and VASvl, 3 X' (z A and 7^ > ; 

px{a ■ y) S 'yx\\y\\oPx'{a),Px{y-a) S 7A||y||oPA'(a)- 
Under this multiplication ^ol''"] is «■ locally convex quasi *-algebra over the C* -algebra 

MW-U 

The proof of Lemma 3.1 follows directly from the regularity condition (R). If Ao[t] 
is a locally convex *-algebra with jointly continuous multiplication and r ^ || • ||o, then 
it satisfies the regular condition (R) for || • ||q. 

Lemma 3.2. Let Ao[\\ ■ ||q] be a C* -normed algebra and Ao[t] an m* -convex algebra 
satisfying conditions (T2) and (R). If {p\)\^\ is a defining family of m* -seminorms 
for T (i.e., submultiplicative *-preserving seminorms) and there is Aq € A such that px^ 
is a norm, then r ~ || • ||o, where ~ means equivalence of the respective topologies. In 
particular, if Aq[\\ ■ ||] is a normed *-algebra such that || • || < || • ||o and \\ ■ \\, \\ ■ ||q are 
compatible, then || • || ~ || • ||o- 
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Proof. By (T2) and (R) we have Ao[\\ • |[q] ^ -^oM ^ "4o[pao]5 which by the basic 
theory of C*-algebras (see e.g., \18\ Proposition 5.3]) imphes that ||a;||o < pxg{x), for 
ah X S Aq. Hence, t ~ |[ • ||o. □ 

By Lemma 3.2 there does not exist any normed *-algebra containing the C*-algebra 
-^o[|| ■ IIq] properly and densely. 

We now consider whether a Gi?*-algebra over the unit ball ^(y4o[|| • ||q]) exists in 
^0 [''"]• If Ao[t] has jointly continuous multiplication and ^/(ylo[|| ' llol) r-closed in 
Ao[t] then Ao[t] is a GS*-algebra over U{Ao[\\ ■ ||o]), (cf. [IS Theorem 2.1]). 

Theorem 3.3. Let Ao[\\ ■ ||q] be a unital C*-normed algebra and Ao[t] a locally 
convex *-algebra such that t satisfies the conditions (Ti), (T2), the regularity condition 
(R) for II • IIq and makes the unit ballU{Ao[\\ ■ ||q]) T-closed. Then every algebraically 
symmetric locally convex ^-algebra A[t] such that Aq\\\ ■ ||q] C A[t\ C Aq[t] is a GB*- 
algebra over U{Ao[\\ • ||o])- 

Proof. The proof can be done in a similar way to that of [71 Theorem 2.2]. Here we 
give a simpler proof. Without loss of generality we may assume that ^o[|| • IIq] is a 
C*-algebra. Then we have (see, e.g., proof of [71 Lemma 2.1]): 

(1) {1 + a*a)-i G K{Ao), Va G A. 
Moreover, we show that 

(2) U{Aq) is the largest member in B*{A). 

It is clear that U{Ao) G B*{A). Suppose now that B is an arbitrary element in 
B*{A) and take a = a* in B. Let C{a) be the maximal commutative *-subalgebra of A 
containing a and 

Ci = {U{Ao)nC{a)) ■ {BnC{a)). 

Then, clearly = Ci; by the regular condition (R) Ci is r-bounded in C{a), while by 
the commutativity ofU{Ao) r\C{a) and BriC{a) one has that Cf C Ci. It is now easily 
seen that CT S B*{C{a)), where B*{C{a)) = {B n C{a) : B G B*{A)}. Thus, there is 
Bi G B*{A) such that CT = BinC{a). 

Since C(a) is commutative and pseudo-complete, B*{C{a)) is directed [H Theorem 
(2.10)]. So for each B G B*{A)) there is Bi G B*{A)) such that 

{B U U{Ao)) n C{a) C Bin C{a). Hence Aq n C{a) C A[Bi] n C{a), 

where ^0 H C{a) is a C*-algebra and ^[-Bi] H C{a) a normed *-algebra. An application 
of Lemma 3.2 gives 

(3.1) ||x||o = ||x||bj , Vx G ^0 n C(a). 
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Furthermore, it follows from (1) that x{l + ^x*x) ^ G ^o- Thus, 

\\x(l + -x*x)~^ - x\\b, < -\\xx*x\\bi, Vx G A[Bi] nC(a),n G N, 
n n 

which implies that Aq nC{a) is || • ||B^-dense in ^[-Bi] fl C(a). Therefore, from (3.1) and 
the fact that A nC(a) is a C*-algebra we get AonC{a) = A[Bi]nC{a). It follows that 
B nC{a) C -Bi n C(a) = h({Ao) n C(a), from which we conclude 

(3.2) aeU{Ao), B, with a* = a. 

Now taking an arbitrary a G -B we clearly have a*a G B, hence from (3.2) a*a G U{Ao), 
which gives a G U{Ao). So, B C U{Ao) and the proof of (2) is complete. Now, since 
U{Ao) is the greatest member in B*{A), we have that ^[Z//(^o)] coincides with the 
C*-algebra therefore it is complete. So [H Proposition 2.7] implies that A[t] is 
pseudo-complete, hence a Gi?*-algebra over U{Ao)- □ 



4. Locally convex quasi C*-normed algebras 

Let ^o[|| ■ IIq] be a C*-normed algebra and r a locally convex topology on Aq 
with {pa}ag/1 a- defining family of seminorms. Suppose that r satisfies the proper- 
ties (Ti), (T2). The regularity condition (R), considered in the previous Section 2, for 
II • IIq, is too strong (see Section 6). So in the present Section we weaken this condition, 
and we use it together with the conditions (Ti), (T2), in order to investigate the locally 
convex quasi *-algebra ^oM- The weakened condition (R) will be denoted by (T3) and 
it will read as follows: 

(T3) V A G yl, 3 X' € A and 7a > : px{xy) ^ 7A|k||oPA'(y), for all x,y e Aq with 
xy = yx. 

Then, we first consider the question stated in Section 3, just before Lemma 3.1, 
concerning a well-defined multiplication between elements of Ao[t] and Ao[\\ ■ 

If ^o[|| ■ IIq] is commutative and r satisfies the conditions (Ti) — (T3), then r fulfils 
clearly the regularity condition (R) for || • ||o, and so by Lemma 3.1, for arbitrary 
a G ^o[''"] and y G -4o[|| • ||q] the left and right multiplications a ■ y and y ■ a are defined, 
respectively, and Ao[t] is a locally convex quasi *-algebra over the C*-algebra ^o[|| ■ IIq]- 

We consider now the afore-mentioned question in the noncommutative case; for this 
we set the following 

Definition 4.1. Let a G ^ol''"] and y G ^o[|| ■ llol- We shall say that y commutes 
strongly with a if there is a net {xa}ae^ in Ao[\\ • L] such that Xa — > a and Xay = yxa, 

T 

for every q G S. 
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• In the rest of the paper, Ao[\\ ■ ||o]~ [''"]) denotes the completion of the C*-algebra 
^o[|| ■ llo] with respect to the locally convex topology r. As a set it clearly coincides 
with ^0 [■'"]) but there are cases that we need to distinguish them (see Remark 4.6). 

Remark 4.2. Let a € Ao[t] and y G -4.o[|| • Hq]- Whenever y G the multiplica- 
tions ay and ya are always defined by 

ay = \imxay and ya = limyxa, 

a a 

where {xa}aeT. is a net in Aq converging to a with respect to r. Hence, we may define 
the notion y commutes with a, as usually, i.e., when ay = ya. But, even if y commutes 
with a, one has, in general, that y does not commute strongly with a. Thus, the notion 
of strong commutativity is clearly stronger than that of commutativity. 

Lemma 4.3. Let Ao[\\ ■ ||q] be a C* -normed algebra and r a locally convex topology 
on Aq that satisfies the properties (Ti) — (T3). Let a G Ao[t] and y G -4,o[|| • ||q] be 
strongly commuting. Then the multiplications a • y resp. y ■ a are defined by 

a ■ y = T — lim x^y resp. y ■ a = t — lim yxa and a ■ y = y ■ a, 

a a 

where {xa}ae^ is a net in Aq[\\ ■ ||o], r-converging to a and commutating with y. The 
preceding multiplications provide an extension of the multiplication of Aq . Moreover, 
an analogous condition to (T3) holds for the elements a,y, i.e., 
(T^) V A G yl 3 A' G yl and -fx > : Px{a ■ y) S 7A||y||oPA'(o)- 

Proof. Existence of the r — limx^y in ^0 

a 

Note that {xay}aeT: is a r-Cauchy net in ^o[|| ' IIq]- Indeed, from (T3), for every 
A G yl, there are X' A and 7a > such that 

PxiXaV - Xa'y) = PX ((Xq - Xa')y) S IxWvWoPX' {Xa " Xa') > 0. 

a,a' 

Hence, r — limx^y exists in ^o[|| ■ l|o]~[''"]5 which, as already noticed, as a set clearly 

a 

coincides with .4o[t]. 

The existence of the r — \imyxa in ^o[|l ■ l|o]~[''"] is similarly shown and clearly 

a 

T — lim yXa = T — lim Xay. 

a a 

Independence of r — limx^y from the choice of the net {xa}aeE- 

a 

Let {x^}/3gs' be another net in such that — ^ a and x^y = yx^, for all 
/3 G S'. Then, 

Xa ~ x'jj — ^ with [xa — x'p)y = y{xa — x'p),^ ict,(3) G S X S'. 
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Moreover, by (T3), for every X £ A, there exist A' € /I and 7a > such that 

P\ {{Xa - x's)y) S IxWyWoPX'iXa " x'a) 0; 

this completes the proof of our claim. Thus, we set 

a ■ y := T — limXaU, resp. y ■ a := t — limyxa, 
this clearly implies a ■ y = y ■ a. Furthermore, using again (T3) we conclude that 
VA G yl3A' G 71 and -fx > : Pxia-y) ^ 7All?/||oPA'(a), VaG A)M and y £ Ao[\ 
and this proves (T3). □ 

Now, following [8] we define notions of positivity for the elements of ^0 [''"] • 

Definition 4.4. Let a G .4o[t]. Consider the set 

(^0)+ {x £ Ao X* = X and sp_/(g{x) C [0, 00)}, 

where sp^q{x) means spectrum of x in Aq- Clearly (^0)+ is contained in the positive 
cone of the C*-algebra ^o[|| ■ llol- The element a is called quasi-positive if there is a 
net {a^ajoGS in (-^0)+ such that In particular, a is called commutatively 

T 

quasi-positive if there is a commuting net {xa}a&: in (-^0)+ such that Xa — > a . 

T 

Denote by ^o[''"](3+ set of all quasi-positive elements of ^o[''"] a-nd by ^o[''"]c(j+ 
the set of all commutatively quasi-positive elements of Ao[t]. 

An easy consequence of Definition 14.41 is the following 

Lemma 4.5. 

(1) ^ n 

(A)^"'"° = A[||-|lo]+ c Ao[t],+ . 

(2) ^o[''"]g+ is a positive wedge, but it is not necessarily a positive cone. Ao[T]cq+ is 
not even a positive wedge, in general. 

Remark 4.6. As we have mentioned before, the equality .Ao[|| • lloJ^M = Ao[t] 
holds set-theoretically. We consider the following notation: 

• ||o]'"[T]g+ = |a G AM : 3 a net {x^jaeT. in • |lo]+ : a^Q, — a| 

A[|Mlo]"'Mc<}+ = jo e AM : 3 a commuting net {xa}aeT, in A[|| • |lo]+ : — ^ a| 
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Then, 

(4.1) ^o[|| • l|o]~Mg+ = AMq+i but Ao[\\ ' ||o]'"[T]cg+ ^ AMcg+, in general. 
If Aq is commutative, then 

The following Proposition 14.71 plavs an important role in the present paper. It is a 
generalization of Proposition 3.2 in [8], stated for locally convex quasi C*-algebras, to 
the case of locally convex quasi C*-normed algebras. 

Proposition 4.7. Let Ao[\\ • ||q] be a unital C*-normed algebra and t a locally 
convex topology on Aq that fulfils the conditions (Ti) — (T3). Suppose that the next 
condition (T4) holds: 

(T4) The set U{Ao[\\ ■ \\q])+ = {x G Ao[\\ ■ ||o]+ : ||a;||o S 1} is r-closed in Ao[t] 
(or, equivalently, it is T-complete). 

Then, Ao[t] is a locally convex quasi *-algebra over Aq with the properties: 

(1) a € ^o[''"]c(y+ implies that 1 + a is invertible with {1 + a)~^ in IA{Aq\^ ■ ||o])+- 

(2) For a G .Ao[T]cg+ and e > 0, the element \= a ■ {1 + ea)^^ is well-defined, 

a — Oe ^ Aq[\\ ■ ||o]~[T]cg+ and a = t — limag. 

£4-0 

(3) Xo[TU+n(-A)Mc,+) = {o}. 

(4) Furthermore, suppose that the following condition 

(T5) Xo[TUnXo[||-y = Xo[||-||o]+ _ _ 

is satisfied. Then, if a £ Ao[T]cq+ and y £ Ao[\\ • \\q]+ with y — a £ Ao[T]q+, one has 
that a € ^o[|| • llo]+- 

Proof. (1) There exists a commuting net {xa}aes in ("4o)+ with Xa — > a and XaXa' = 

r 

Xa'Xa, for all a, a' G S. Using properties of the positive elements in a C*-algebra, and 
condition (T3) we get that for every A G ^1 there are X' £ A and 7^ > such that: 

P\ {{1 + Xa)~^ - {1 + = PX {{1 + X^y^iXa' - Xa){l + Xa')~^) 

S lx\\{l +Xa)~'^\\o\\{l +Xa')~^\\oPX'{Xa' - Xa) S l\PX'{Xa' - Xa) > 0. 

a, a' 

Hence {(i +Xa)~^}aeT: is a Cauchy net in Ao[t] consisting of elements of W(>lo[|| ' llo]) + ) 
the latter set being r-closed by (T4). Hence, there exists y £ U{Ao[\\ • \\q])+ such that 

(4.2) (i+2;^)-l^y. 

T 

We shall show that {1 + a)~^ exists in W(>io[|| • |lo])+ ^nd coincides with y. It is easily 
seen that, for each index a £ S, (i + Xa)~^ commutes strongly with (i + a), so that 
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{1 + a) ■ {1 + Xa)~^ is well-defined (Lemma I4.3|) . Similarly, {xa — a) • {1 + Xa)~^ = 
1 — {1 + a) • (1 + Xa)~^ is well-defined, therefore using (Tg) of Lemma 4.3, we have 
that for all A € /I there are X' A and 7a > with 

px{l - (i + a) • (i + Xa)"^) = p\{{xa - a) ■ {1 + Xa)"^) S 7xPx'{xa " a) — ^0. 

a 

Thus, (i + a) • (i + Xa)~^ — >1- By the above, 

r 

1 + Xa — >l+a and (i + Xq,)?/ = y(i + Xq), V a G S. 

T 

Hence, y commutes strongly with 1 + a, therefore {1 + a) ■ y is well-defined by Lemma 
14.31 Now, since Xq — >a, we have that 

T 

(4.3) V A G yl and V e > 0, 3 ao € S : p\{xa' - a) < e, V a' ^ qq. 
Using (T3), (T3) of Lemma 4.3, and relations (4.3), (4.2) we obtain 

px{{l +a)-{l +Xa)-^ -{1 +a)-y) 

^ PX{{1 +a)-{l + Xa)-^ -{1 + Xao){l + Xa)"^) 

+ P\{{1 +Xao){l +XaY^ - {1 +Xao)y) + P\{{1 + x^Jy - {1 + a)y) 
S l\P\'{a - XqJ +7A||i + x„J|oPA'((-Z + Xa)~^ -y) + l\P\'{xao - a) 
<2e + -ix\\l +Xa,Mpx'{{l +xa)-^ -y), V e > 0. 

Hence, 

^ limpA((i + a) • (i + XaY^ - {1 + a) ■ y) ^ 2e, Ve > 0, 

a 

which implies 

limpA((i + a) • (i + x„)~^ - (i + a) • y) = 0. 

a 

Consequently, 

(4.4) ^ +a)-{l +xa)~^^{l +a)-y. 

T 

Similarly, {1 + Xq,)~^ ' (-^ + — ■ {1 + a). So from (4.3) and (4.4) we conclude that 

r 

(i + a) ■ y = y ■ {1 + a) = 1 , therefore y = {1 + a)~^. 

(2) By (1), for every e > 0, the element (i + ea)~^ exists in W(^o[|| • IIqD+i 
commutes strongly with a. Hence (see Lemma l4.3p . := a - (i +ea)~^ is well-defined. 
Moreover, applying (Tg) of Lemma 4.3, we have that for all A E yl, there exist A' G yl 
and 7a > such that 



px{l-{l+ea) ^) = epx{a ■ {1 + ea) ^) ^ e^ixW + ea) ^hpx'{a) ^ e-ixPx'{a). 
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Therefore, 

(4.5) T -\hn{l +£a)~^ = 1. 

On the other hand, since (1 — (1 + ea)^^) commutes strongly with a and 
Qg = e"^{l — {1 + ea)~^), e > 0, we have 

(4.6) {1 -{1+ ea)-^) ■ a = a ■ {1 - {1 + ea)-^) = a - e Ao[\\ ■ ||o]^Mcg+. 

Using (4.5), (4.6) and same arguments as in (4.4), we get that r — limog = a. 

(3) Let a € AMcg+ n {-Ao[ T]f;g+) and e > sufficiently small. By (2) (see also 
Remark 14. 6p . we have 

•^o[\\ ■ llo]~Mccj+ ^ a ■ {1 + ea)~^ — > a; in the same way — a ■ (1 — ea)~^ — > — a. 

T T 

Now the element 

Xe= a - {1 + ea)"^ - (-a) • {1 - ea)"^ = 2a ■ {1 + ea)~^(i - ea)~^ 

belongs to ^o[|| ■ |lo]+ by (1) and the functional calculus of commutative C*-algebras. 
Similarly, — = 2(— a) • {1 — ea)~^{l + ea)~^ G ^o[|| • |lo]+- Hence, 

Xe G Ao[\\ ■ ||o]+ n {-AoiW ■ ||o]+) = {0}, so that a • (i + ea)"^ = -a ■ {1 - ea)~^ 

Furthermore, by (2), 

a = T — lima • [1 + ea)~^ = r — lim(— a) • {1 — ea)~^ = —a, so a = 0. 

(4) Note that y — as = (y — a) + (a — a^) S ^loMg+i since (by (4) and (2) resp.) the 
elements y — a, a — a^ belong to [''"](}+ and the latter set is a positive wedge according 
to Lemma 4.5(2). On the other hand, 

Oe = o • (i + ea)"^ = {1 + ea)-^ ■ a = e'^{l - {1 + ea)~^) € A)[|| • ||o]. 

Thus, taking under consideration the assumption (T5) we conclude that 

y-a^e Ao[T]g+ n ^[|| • llo] = Ao[\\ ■ 

which clearly gives \\ae\\o S ||y|loi for every e > 0. Applying (T4), we show that 
a G A)[|| • |lo] + - □ 

Definition 4.8. Let ^o[|| ■ IIq] a unital C*-normed algebra, r a locally convex 
topology on ^0 satisfying the conditions (Ti) — (T5) (for (T4),(T5) see the previous 
proposition). Then, 
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• a quasi *-subalgebra A of the locally convex quasi *-algebra ^o[''"] over Aq con- 
taining ^o[|| • IIq] is said to be a locally convex quasi C* -normed algebra over Aq. 

• A locally convex quasi C*-normed algebra A over Aq is said to be normal if 
a ■ y & A whenever a £ A and y € ^o[|| • IIq] commute strongly. 

• A locally convex quasi C*-normed algebra A over is called a locally convex 
quasi C* -algebra if ^o[|| ■ IIq] is a C*-algebra. 

Note that the condition (T3) in the present paper is weaker than the condition 

(T3) V A G yl, 3 X' e A: px{xy) S \\x\\oPx'{y), ^ x,y e Aq with xy = yx 
in [S]. Nevertheless, results for locally convex quasi C*-algebras in [5] are valid in the 
present paper for the wider class of locally convex C*-normed algebras. It follows, by 
the very definitions, that a locally convex quasi C* -algebra is a normal locally convex 
quasi C* -normed algebra. A variety of examples of locally convex quasi C*-algebras are 
given in [H], Sections 3 and 4. Examples of locally convex quasi C*-normed algebras 
are presented in Sections 6 and 7 

An easy consequence of Definition 4.8 and Lemma 4.3 is the following 

Lemma 4.9. Let Ao[\\ ■ ||o] and t be as in Definition 14. 8i Then the following hold: 

(1) is a normal locally convex quasi C* -normed algebra over Aq. 

(2) Suppose A is a commutative locally convex quasi C* -normed algebra over Aq. 
Then A ■ Aq[\\ ■ ||q] = linear span of {a ■ y : a £ A,y £ -^oiW ■ IIq]} ^-^ 0, commutative 
locally convex quasi C* -algebra over Aq[\\ ■ ||q] under the multiplication a-y {a £ A,y £ 
•^o[\\ ■ IIq])- particular, if A is normal, then A is a commutative locally convex quasi 
C* -algebra over Ao[\\ • 

5. Commutative locally convex quasi C*-normed algebras 

In this Section, we discuss briefly some results on the structure of a commutative 
locally convex quasi C*-normed algebra A[t] and on a functional calculus for its quasi- 
positive elements, that are similar to those in [HI Sections 5 and 6]. 

Let A[t] be a commutative locally convex quasi C*-normed algebra over ^0 (see 
Definition 4.8). Then, 

A[|| • llo] c Xo[|| • llo] C A[t] C A[t] ■ MW ■ llo] c Mr], 

where ^o[|| • IIq] is a commutative unital C*-normed algebra and A[t] • Ao[\\ ■ is 
a commutative locally convex quasi C*-algebra over the unital C*-algebra ^o[|| "llo] 
according to Lemma 4.9(2). Thus, using some results of the Sections 5, 6 in [8] for the 
latter algebra we obtain information for the structure of A[t]. 
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Let 1^ be a compact HausdorfF space, C* = CU{oo}, and ^{W)^ a set of C*-valued 
positive continuous functions on W, which take the value oo on at most a nowhere dense 
subset WooiW. The set 

dm = {fgo + ho:fe d{W)+ and go, ho € C{W)}, 

where C(W) is the C*-algebra of ah continuous C-valued functions on W, is called the 
set of C* -valued continuous functions on W generated by the wedge S{W)+ and the 
C* -algebra C{W). Using [HI Definition 5.6] and ^iW) we get the following theorem, 
which is an application of Theorem 5.8 of [S] for the commutative locally convex quasi 
C*-algebra A[t] ■ Ao[\\ ■ ||q] over the unital commutative C*-algebra ^o[|| • IIq]) '^it^ 
^[r]g+ • ^o[|| • IIq]) ill the place of Tt{Ao,A[T]g^). 

Theorem 5.1. There exists a map <P from ^[r]g+ ■ ^o[|| ■ IIq] o'^^o d{W), where 
W is the compact Hausdorff space corresponding to the Gel'fand space of the unital 
commutative C* -algebra Ao[\\ ■ Wq], such that: 

(i) ^{A[T]q+) = d{W)+ and <P{Xa + b) = X'P{a) + ^{b), y a,b £ A[T]g+, A ^ 0; 

(a) (p is an isometric *-isomorphism from Ao[\\ ■ \\q] onto C{W); 

(Hi) ^{ax) = ^{a)<P{x), <P{{Xa -\- b)x) = {X^{a) -\- <P{b))(l>{x) and <P{a{xi + X2)) = 
^{a){^{xi) +<P{x2)), y a,b e A[T]q+, x,xi,X2 G Ao and A ^ 0. 

• Further we consider a functional calculus for the quasi-positive elements of the 
commutative locally convex quasi C*-normed algebra A[t] over ^o- For this, we must 
extend the multiplication of A[t]. 

Let a,b G A[T]q^. Then (see also [HI Definition 6.1]), a is called left multiplier of b 
if there are nets {xa}a£T,, {y^jfles' in (-^0)+ such that Xa — >a, yp — >b and Xayp — >c, 

T T T 

where the latter means that the double indexed net {xay/3}{a,i5)eT,x'E' converges to 
c G ^[r]. Then, we set 

a ■ b := c = T — lim XaVf^, 

a,j3 

where the multiplication a • 6 is well defined, in the sense that it is independent of the 
choice of the nets {a^ajags, {y/3}/3eS'> as follows from the proof of Lemma 6.2 in [8] 
applying arguments of the proof of Proposition 4.7. In the sequel, we simply denote 
a • 6 by ab. In analogy to Definition 6.3 of [8], if x, y G ^o[|| ■ IIq] and a, 6 G ^[r]q+ with 
a left multiplier of 6, we may define the product of the elements ax and by as follows: 

{ax){by) := {ab)xy. 

The spectrum of an element a G ^[r]q+, denoted by is defined as in 

Definition 6.4 of [8]. 
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So using Theorem 5.1, it is shown (cf., for instance, Lemma 6.5 in [H]) that for 
every a € ^[rj^^-, one has that 0";4g[|j y ^id) is a locally compact subset of C* and 
'"Xo[|Mlo](")^^+U{oo}. 

According to the above, and taking into account the comments after Lemma 6.5 in 
[S] with ^o[|| ■ ||o] in the place of the next Theorem 5.2 provides a generahzation of [51 
Theorem 6.6] in the setting of commutative locahy convex quasi C*-normed algebras. 
In particular. Theorem 5.2 supplies us with a functional calculus for the quasi-positive 
elements of the commutative locally convex quasi C*-normed algebra A[t]. 

Theorem 5.2. Let a E ^[r]g+. Let a" be well-defined for some n € N. Then there 
is a unique ^-isomorphism f — )• /(a) from IJ^^^^ Cfc((T^^j|j y j(a)) into A[t] ■ Aq[\\ ■ Hq] 
such that: 

(i) Ifuo{\) = I, withuo € Ufc=iCfc(cj_^j|| ii^j(a)) and X G ctj^jh |j^(o), then uo{a) = 1. 

(a) -(f 'Ui(A) = A wii/i ni G IJ)!^-^ Cfc((T^jll II j(a)) and A G cr^jn y j (a), then ui{a) = a. 

(Hi) (Ai/i+/2)(a) = Ai/i(a)+/2(a), V/1,/2 G Ck{aj^^^^,^^Ja)) and Xi G C; (/i/2)(a) = 
/i(a)/2(a), V fj G Cfc^,(cr^^j|| ii^^j(a)), j = 1,2, with fci + A;2 ^ n. 

(iv) Denoting with the set of the bounded and continuous functions, the map 
f — > /(a) restricted to Cb((T^^j|j y j(a)) is an isometric ^-isomorphism of the C*- 
aZ^re^ra Cf,((T^jll y j(a)) on the closed *-subalgebra o/^o[|| ■ IIq] generated by 1 and 

Applying Theorem 5.2 and Proposition 4.7 in the proof of [HI Corollary 6.7] we get 
the following 

Corollary 5.3. Let a G ^[r]g+ and n G N. Then, there exists unique b in A[T]q^ ■ 
•^o[\\ ■ IIq] such that a = 6". The unique element b is called quasi nth-root of a and we 
write b = a~ . 

6. Structure of noncommutative locally convex quasi C*- 
normed algebras 

Using the notation of [8l Section 4] (see also [3]), let ?^ be a Hilbert space, V a dense 
subspace of H and A^o[|| " IIq] ^ unital C*-normed algebra on T-l, such that 

MoV C V, but MoiW ■ \\o\V (f_ V. 

Then, the restriction A^o \ ^ of Mq to V is an 0*-algebra on T), so that an element 
X of A^o may be regarded as an element X \ T> oi Mq \T>. Moreover, let 
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where A4 is an 0*-vector space on V, that is, a *-invariant subspace of C^{T),T-L). 
Denote by B{A4) the set of all bounded subsets of 'E'[t_A4] {iM is the graph topology on 
M; see [H P-9]) and by Bf{V) the set of all finite subsets of V. Then Bf{V) C B{M) 
and both of them are admissible in the sense of O p. 522]. 

We recah the topologies r,., t^{B), t^{M) defined in P pp. 522-523]. More 
precisely, for an arbitrary admissible subset B of B{A4), and any ^ € B consider the 
following seminorm: 

(X) := sup{||Xe|l + llXt^ll}, XeM. 
(em 

We call the corresponding locally convex topology on 7W induced by the preceding fam- 
ily of seminorms, strongly* B-uniform topology and denote it by t^{B). In particular, 
the strongly* jB(7V4)-uniform topology will be simply called strongly* AA-uniform topol- 
ogy and will be denoted by t^(A^). In Schmiidgen's book jlT], this topology is called 
hounded topology. The strongly* ;B/(2?)-uniform topology is called strong* -topology on 
A4, denoted by r^*. All three topologies are related in the following way: 

Ts* ^ r:{B) ^ tI\M). 

Then, one gets that 

(6.1) MoiW ■ llo] C Mo[\\ ■ llo] C Mo[t:] C A4o[t,.] C C\V,H). 

In this regard, we have now the following 

Proposition 6.1. Let 7Wo[|| ■ IIq]; '^^ before. Let B be any admissible subset 

of B{M). Then Mq[t^{B)] is a locally convex quasi C* -normed algebra over M.q, 
which is contained in C^{'D,T-L). In particular, MqIts*] is a locally convex quasi C*- 
normed algebra over M.q. Furthermore, if A G M.q[t'^{B)] andY G A^o[|| ' IIq] commute 
strongly, then AOY is well-defined and 

Any = A-Y = Y ■ A = YnA. 

Proof. It is easily checked that Mo[t^{B)] and A^o[''"s*] are locally convex quasi C*- 
normed algebras over Aio- Suppose now that A G MoIt^B)] and Y G Mo[\\ ■ y 
commute strongly. Then, there is a net {Xajoes in -^o such that X^Y = YXa, for 
all a G S and A = r"^ (B) — lim Xa ■ Since 

a 

[A^^lYf]) = lim(Xt^|y??) = lim(e|X„y7?) = lim(^|FX,r?) = mAr]) 

a a a 

for all ry G P, it follows that 74ny is well-defined and ^dny = YA. Furthermore, 
since 

A-Y = - limX^y = - limX^y, 

a a 
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we have 

(A ■ Y)C = limXaY^, = limYXaC = YA^ = {AaY)^ 

a a 

for each ^ G 2?. Hence, A-Y = AnY. □ 

Proposition 6.2. C^V,'H)[ts*] is a locally convex quasi C* -normed algebra over 
C^{V)b = {Xe C^{V) : X € Bin)]. 

Proof. Indeed, as shown in [3l Section 2.5], >C^(P)h, is a C*-normed algebra which is 
Tg* dense in C^{T>,'H). Hence, C^{'D,T-L) is a locally convex quasi C*-normed algebra 
over d{V)b. □ 

Remark 6.3. The following questions arise naturally: 

(1) What is exactly the C*-algebra >Ct(P)~[|| • Hg]? 

Under what conditions may one have the equality C^iV)^[\\ ■ |y = B{n)7 

(2) Is C^{'D, %) a locally convex quasi C*-algebra under the strong* uniform topology 

' * • 

More precisely, does the equality C\V)'^[t^] = C^{V,'H) hold? 

We expect the answer to these questions to depend on the properties of the topology 
t| = t£^t(^T>,H) given on D and we conjecture positive answers in the case where V = 
'D°°{T), with T a positive self-adjoint operator in a Hilbert space H, and || • ||q the 
operator norm in B{'H). We leave these questions open. 

• In the rest of this Section we consider conditions under which a locally convex 
quasi C*-normed algebra is continuously embedded in a locally convex quasi C*-normed 
algebra of operators. 

So let A[t\ be a locally convex quasi C*-normed algebra over Aq and V a dense 
subspace in a Hilbert space T-L. Let vr : A — >C^{T>,'H) be a *-representation. Then we 
have the following: 

Lemma 6.4. Let A[t] he a locally convex quasi C* -normed algebra over Aq and 
vr : A — >C\T>,T-L) a {t,t^{B)) -continuous * -representation of A. Then, 

(1) TT is a ^-representation of the C* -algebra Aq\\\ ■ ||q]; 

(2) 'k[A)[t'^{B)\ resp. ir(A)[Ts*] are locally convex quasi C* -normed algebras over 
Tr{Ao). 

Proof. (1) Since Aq C ^o[|| ' IIq] ™d vr is a *-representation of A, it follows that 



(6.2) 



7r(ay) = 7r(a)n7r(y), Va G ^o[|| • \\o\,^y ^ Aq. 
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Now we show that 

(6.3) 7r(a6) = 7r(a)n7r(6), Va, beAo[\\- \\q]. 

Indeed, let a,b be arbitrary elements of Ao[\\ • ||q]. Then, there exists a sequence {r/n} 
in ^0 such that & = || ■ L ~ li™ Un- Hence, ab = \\ ■ |L — lim ai/n- 

n—^oo n— >oo 

Moreover, it is easily seen that vr is also (r, r^* )-continuous and so, by (j6.2p . 



(7r(6)^|7r(a*)r?) = lim (vr(y„)^|7r(a*)r?) = lim (7r(a)n7r(y„)^|7?) 

n— >oo n— >cxD 



= lim {7r{ayn)C\r]) = {TT{ab)^\r]), 

n-+oo 

for every £^,7] G V. Thus, (|6.3p holds. 
For any ^ G P, we put 

f{a) = {n{a)C\0, « G Xo[|| • ||o]. 

Then, bv (fOD. f is a positive linear functional on the unital C*-algebra ^o[|| ' IIq]- 
Hence, we have 

Ma)Cf = f{a*a)<f{l)\\a\\l = Uf\\a\\l 

for all a G ^o[|| ' IIqIi which implies that vr is bounded. This completes the proof of (1). 

(2) vr(^) is a quasi *-subalgebra of the locally convex quasi *-algebras 'ir{A)[T^{B)] 
and 7r(^)[rs*] over 7r(^o)- Furthermore, by (1), 7r(^o[|| • IIq]) is a C*-algebra and 

^)[\\-\\o]=<M\\-y)C7riA). 

□ 

Remark 6.5. Let A[t] be a locally convex quasi C*-normed algebra over Aq, and 
vr a (r, r"(;B))-continuous *-representation of A, where B is an admissible subset in 
B{7r{A)). Let a G ^ be strongly commuting with y G w4.o[|| • ||q]. Then 7r(a) commutes 
strongly with TT{y). The converse does not necessarily hold. So even if A[t] is normal, 
the locally convex quasi C*-normed algebra 7t{A) over tt{Ao) is not necessarily normal. 

We are going now to discuss the faithfulness of a (r, r^* )-continuous *-representation 
of A. For this, we need some facts on sesquilinear forms, for which the reader is referred 
to [SI p. 544]. We only recall that if 

S{Ao) := {r-continuous positive invariant sesquilinear forms ip on Aq x Aq}, 

we say that the set S{Ao) is sufficient, whenever 



a G A with (^(o, a) = 0,V (/3 G S{Ao), implies a = 0, 
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where is the extension of 99 to a r-continuous positive invariant sesquiHnear form on 
Ax A. 

^From the next results, Theorem 6.6 and Corollary 6.7 can be regarded as general- 
izations of the analogues of the Gel'fand-Naimark theorem, in the case of locally convex 
quasi C*-algebras proved in [51 Section 7]. Theorem 6.6 is proved in the same way as 
[g Theorem 7.3]. 

Theorem 6.6. Let A[t] be a locally convex quasi C* -normed algebra over a unital 
C*-normed algebra Aq. The following statements are equivalent: 

(i) There exists a faithful {t^Ts*)- continuous * -representation of A. 
(a) The set S{Aq) is sufficient. 

Corollary 6.7. Suppose S{Aq) is sufficient. Then, the locally convex quasi C*- 
normed algebra A[t\ over Aq is continuously embedded in a locally convex quasi C*- 
normed algebra of operators. 

We end this Section with the study of a functional calculus for the commutatively 
quasi-positive elements (see Definition 4.4) of ^[r]. 

Let A[t\ be a locally convex quasi C*-normed algebra over a unital C*-normed 
algebra Aq. If a € ^[r]cq+, then by Proposition 4.7(1), the element {1 + a)~^ exists 
and belongs to Z//(^o[|| ' IIq])- Denote by C*(a) the maximal commutative C*-subalgebra 
of the C*-algebra ^o[|| • IIq] containing the elements 1 and (i -|- a)"-*^. 

Lemma 6.8. C*(a)[r] is a commutative unital locally convex quasi C* -algebra over 
C*{a) and a G C*(a)[r]g+. 

Proof. Since C*(a) is a unital C*-algebra, we have only to check the properties (Ti) — 
(T5). We show (Ti); the rest of them, as well as the fact that a G C*(a)[r]q+ are proved 
by the same way as in [51 Proposition 7.6 and Corollary 7.7]. From the condition (T3) 
for ^0 ["?"]) we have that for all A € yl, there exist A' € /I and 7a > such that 

P\{xy) S 7\\\x\\oP\'{y),y x,y e C*{a). 

So, C*(a)[r] is a locally convex *-algebra with separately continuous multiplication. □ 

By Lemma 16.81 and Theorem 15.21 we can now obtain a functional calculus for the 
commutatively quasi-positive elements of the noncommutative locally convex quasi C*- 
normed algebra A[t] (see also [51 Theorem 7.8, Corollary 7.9]). 

Theorem 6.9. Let A[t] be an arbitrary locally convex quasi C* -normed algebra over 
a unital C* -normed algebra Aq and a € ^[r]cg_|.. Suppose that a" is well-defined for 
some n E N. Then, there is a unique *-isomorphism f — > /(a) from Ufc=i Cfc('^C*(a)(f^)) 
into A[t] ■ C*{a) such that: 
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(i) Ifuo{X) = 1, with uo € Ufc=i'^fe('^c*{a)(a)) and X G ac*(a){a), then uo{a) = 1. 

(ii) //ui(A) = A with ui € Ufc=i '^fc(<^c*(a)(^^)) ^'^^ € (T(^.(a)(a), i/ien tii(a) = a. 

(Hi) (Ai/i + /2)(a) = Ai/i(a) + /2(a), V /i,/2 G ULi ^'^^(^c* («)(«)) ^1 ^ C; 
(/i/2)(a) = h{a)f2{a), V /j G C^. (crc.(a) (a)), i = 1,2, wii/i /ci + A;2 ^ n. 

(^ivj T/ie map f ^ f{a) restricted to Cb{ac*{a){0')) an isometric * -isomorphism of 
the C* -algebra Cb{crc*{a)iO')) on the C* -algebra C*{a). 

Using Theorem 16.91 and applying Corollary 15.31 for the commutative unital locally 
convex quasi C*-algebra C*(a)[r], we conclude the following 

Corollary 6.10. Let A[t] and Aq be as in Theorem \6.{A If a ^ A[T]cq+ and n G N, 
there is a unique element h G ^[r]cg+ • C*{a), such that a = The element b is called 
commutatively quasi nth-root of a and is denoted by a^. 

7. Applications 

Locally convex quasi C*-normed algebras arise, as we have discussed throughout this 
paper, as completions of a C*-normed algebra with respect to a locally convex topology 
which satisfies a series of requirements. Completions of this sort actually occur in 
quantum statistics. 

In statistical physics, in fact, one has to deal with systems consisting of a very large 
number of particles, so large that one usually considers this number to be infinite. One 
begins by considering systems living in a local region V (V is, for instance, a bounded 
region of M'^ for gases or liquids, or a finite subset of the lattice Z'^ for crystals) and 
requires that the set of local regions is directed, i.e., if Fi, V2 are two local regions, then 
there exists a third local region V3 containing both Vi and ¥2- The observables on a 
given bounded region V are supposed to constitute a C*-algebra Ay, where all Ay^s 
have the same norm, and so the *-algebra ^0 of local observables, ^0 = Uy -^V; is a 
C*-normed algebra. Its uniform completion is, obviously, a C*-algebra (more precisely, 
a quasi local C*-algebra) that in the original algebraic approach was taken as the 
observable algebra of the system. As a matter of fact, this C*-algebraic formulation 
reveals to be insufficient, since for many models there is no way of including in this 
framework the thermodynamical limit of the local Heisenberg dynamics [B]. Then a 
possible procedure to follow in order to circumvent this difficulty is to define in Aq a 
new locally convex topology, r, called, for obvious reasons, physical topology, in such a 
way that the dynamics in the thermodynamical limit belongs to the completion of ^0 
with respect to r. For that purpose, a class of topologies for the *-algebra ^0 of local 
observables of a quantum system was proposed by Lassner in |151ll6j. We will sketch in 
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what follows this construction. Let Aq be a C*-normed algebra to be understood as the 
algebra of local observables described above; thus we will suppose that Aq = Uaga -^Ai 
where {^a}a G A is a family of C*-algebras labeled by a directed set of indices A. 
Assume that, for every a € S (S a given set of indices), tTq is a *-representation of 
Aq on a dense subspace of a Hilbert space Ha, i-e. each tTq is a *-homomorphism 
of Aq into the partial 0*-algebra (VajTLa) endowed, for instance, with the topology 
t^{jC^ {VajHa))- Wc shall assume that TTa{x)Va C X'q, for every a G E and x € Aq. 
Since every A\ is a C*-algebra, each tTq, is a bounded and continuous *-representation, 
i.e. 'Kaix) € B(T-La), ||vrQ,(j;)|| < ||x||o, for every x G ^o- So each tTq can be extended to 
the C*-algebra ^o[|| ■ ||o] (we denote the extension by the same symbol). The family is 
supposed to be faithful, in the sense that if x € ^o[|| ' ||o]) x ^ 0, then there exists a S S 
such that TTaix) / 0. Let us further suppose that Va = V°°{Ma) = nnGN^(^a)' 
where is a selfadjoint operator. Without loss of generality we may assume that 
Ma > la, with la the identity operator in B{'Ha)- Under these assumptions, a physical 
topology T can be defined on Aq by the family of seminorms 

piix) = \\7ra{x)f{Ma)\\ + \\ '^a{x*)f{Ma)\\, X e Aq, 

where q € S and / runs over the set J- of all positive, bounded and continuous functions 
f{t) on M+ such that 

suptV(i)<oo, V /c = 0,1,2,... . 

tGR+ 

Then, Ao[t] is a locally convex *-algebra with separately continuous multiplication (i.e. 
(Ti) holds). In order to prove that Ao[t] is a locally convex quasi C*-normed algebra, 
we need to prove that (T2)-(T5) also hold. As for (T2), we have, for every a S S, 

piix) = \\7ra{x)f{Ma)\\ + \\ TTaix*) f (Ma) \\ < 2 1| /(A/q,) || UtTq, (x) || < 2|[/(AfQ,) || ||x|[o, X G ^o- 

The compatibility of r with || • ||o follows easily from the closedness of the operators 
f{Ma)~^ and the faithfulness of the family {7ra}aeT: of *-representations. 

The condition (R) does not hold, in general, but, on the other hand, if x,y E Aq 
with xy = yx, we have 

piixy) = \\7Ta{xy)f{Ma)\\ + \\7ra{{xyr)f{Ma)\\ 
= \\Tra{xy)f{Ma)\\ + ||7r,(xV)/(M„)|| 
< ||^,(x)||(||7r«(y)/(M,)|| + \\7Ta{y*)f{Ma)\\) 

= ha{x)\\pi{y) < \\x\\opi{y). 

Hence (T3) holds. As for (T4), we begin with noticing that for every a € S, TTa{Ao) is an 
0*-algebra of bounded operators in Va- Hence, its closure in C\'Da,'Ha)[T^{^^ (J^ajHa))] 
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is a locally convex C*-normed algebra of operators, by Proposition (UTTl Moreover, every 
TTa can be extended by continuity to .4o[|| • ||o]- The extension, that we denote by the 
same symbol, takes values in (T>a,'Ha)[T^{^H'^a-,'Ha))], since this space is complete. 
Now, if {xa} is a net in Z//(^o[|| ■ llo])+ T-converging to x € ^o[|| ■ IIq]); then x = x* and 
T^a{x\) — > TTa{x) in C^Va,'Ha)[T^ {^H'^a,'Ha))], for every a G S. Thus TTa{x) > and 
< 1, for every a G S, since the same is true for every xx- By constructing 
a faithful representation ir by direct sum of the tTq's, one easily realizes that x > 
and ||x||o < 1- The inclusion ^oMg+ n ^o[|| ■ IIq] ^o[ll ■ |lo]+ Condition (T5) can 
be proved in similar fashion. The converse inclusion comes from Lemma 14.51 Thus 
Condition (T5) holds. 
Then we conclude that 

Statement 7.1. A = ^o[''"] is a locally convex quasi C*-normed algebra, which can be 
understood as the quasi *-algebra of the observables of the physical system. 

A more concrete realization of the situation discussed above is obtained for the 
so-called BCS model. Let V he a finite region of a d-dimensional lattice A and \V\ the 
number of points in V. The local C*-algebra Ay is generated by the Pauli operators 
fjp = (dp, cTp, cTp) and by the unit 2x2 matrix Cp at every point p ^ V. The ct^'s are 
copies of the Pauli matrices localized in p. 

If V C V' and Ay G Ay, then Ay — ^ A-,,/ = Ay (g) ( ® €„) defines the natural 

p£V \V 

imbedding of Ay into Ay' . 

Let n = (ni, n2, n^) be a unit vector in W^, and put {ff ■ n) = riia^ + n2cr^ + n-^a^. 
Then, denoting as Sp{a ■ n) the spectrum of <? • n, we have Sp{a ■ n) = {1,-1}. Let 
|n) G be a unit eigenvector associated with 1. 

Let now denote by n := {npjpgA an infinite sequence of unit vectors in and 
|n) = ® \np) the corresponding unit vector in the infinite tensor product l-Loo = ® Cp. 
We put ^0 = Uv^ -^v and = -^o|n) and we denote the closure of ^00 by T-Lyx- 

As we saw above, to any sequence n of three- vectors there corresponds a state |n) of 
the system. Such a state defines a realization vrn of ^0 in the Hilbert space T-Lw This 
representation is faithful, since the norm completion As of ^0 is a simple C*-algebra. 
A special basis for T-ixi is obtained from the ground state |n) by flipping a finite number 
of spins using the following strategy: 

Let n be a unit vector in M^, as above, and \n) the corresponding vector of C^. Let us 
choose two other unit vectors n^^v? so that {n,n^,n'^) form an orthonormal basis of 
M'^. We put fi± = ^{fi^ ± in^) and define |m, ri) := {a ■ n_)"*|n) (m = 0, 1). Then we 
have 

{a ■ n)\m,fi) = (—l)"^\ni,n) (m = 0, 1). 
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Thus, the set j^lm, n) = <8> |mp,np); nip = 0,1, 2_^''^p ^ an orthonormal 

basis in Hn- 

In this space we define the unbounded self-adjoint operator Mn by 

(7.1) Mn|m,n) = (l + ^mp)|m,n). 

p 

Mn counts the number of the flipped spins in |m, n) with respect to the ground state 
|n). Now we put 

k 

The representation tth is defined on the basis vectors {|m, n)} by 

7rn(<Tp)|m,n) = o-p I mp,np) (g) ( n (g)|m/,n/)) (i = l,2,3). 

p +p 

This definition is then extended in obvious way to the whole space "Hn- It turns out 
that TTn is a bounded representation of Aq into Hn- For more details we refer to [20llllj . 
Hence, the procedure outlined above applies, showing that a natural framework for dis- 
cussing the BCS model is, indeed, provided by locally convex quasi C*-normed algebras 
considered in this paper. We argue that an analysis similar to that of [TT] can be car- 
ried out also in the present context, so that for suitable finite volume hamiltonians, the 
thermodynamical limit of the local dynamics can be appropriately defined in ^oIt"]- 
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